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K ó s z á l á s L o g a r i t m i á b a n * 

*+ E x p o n e n c i á l i s fo l y a m a t o k 

A ,-./,-.01-0 2-34-562.-7 789/1/4:50 ,;4/<<=/0 -3;7 - >/<05,/?:5/7 -<-@
AB<7-1C D;2E - ./?,/<:5D/3 7/,F5-1 -7E-2?-C 2:A?/ :5 ,B716?-C D-7/, 04G?/
05 53H15:2 I9-7C J
K3 -3 04G53H15:2</. 7/,F5-1 -?67E;5-7 53/?/A/<D/. - ?6>;?4L.65;1 183.C

-3-3 7/,F5-1 M2EC D;2E 3I53/?/5 ./?,:1,/77E05:2 10N;F56.65D;3 3I53/?./
.8NN 04G?/ 9-7 53H15:2C ,07. -D;2E /3. 183/<L.G</2 >/<./553H1 -3 -7E-2I 9-2E
,B71-?6>;?4L.65;1 /5/.:N/7C (<.-<6N-7 OI ./D6. -3 /<GNN0 /5/./. 05 ,-26N-7
>;2<-<9- I -,01;? - ?6>;?4L.65;1-. 10N;F56.65;116 -<-1L.=B1 6.C 9-2E05 -3
07AB.;1-. ;B.AB.;116 CC.?-753>;?,6<=B1P - 189/.1/3G1/. >/<.:./</3D/.=H1

<+ felt e v é s : Q- 9-<-,0<E/7 07AB.I./?,:1D-<,-3;7 /2E R 04G.-?.-,;. 02:7E<G
.?-753>;?,6F0S. 9:23H71C ,-=4 -3 L2E 1-A;.. M= ./?,:1D-<,-3. /2E M=-NN s 
04G.-?.-,M .?-753>;?,6F0G7-1 9/.=H1 -<6C -11;? - <:.?/D;3;.. 9:2/?/4,:7E@
7/1 -3;7;57-1 1/<< </770/ -33-< -3 /?/4,:77E/<C -,/0E/. - 10074B<S ./?,:1@
D-<,-3NS< /2E T. + s) 04G.-?.-,;. 02:7E<G .?-753>;?,6F0S9-< 1-AD-.B71+
U-./,-.01-0<-2V D- - .?-753>;?,6F0S. - 1' 7-2EN/.W9/<C 9:23:5:7/1 .-?.-@

,6. - ,/<</../ 36?S=/<N/7 >/<.H7././.. T+5XC 0<</.9/ (t) 530,NS<B,,-< =/<8<=H1C
-11;?

T*+*+X T(t IYI s ) Z T(s )1'(t ). 
K3 -3 /2E/7</. =S< 05,/?. >H229:7E/2E/7</. T/<5G1:7. [-BFDE 903526<.-YX :5
-3 e x p o n e n ciá lis >H229:7E.C ./D6. 6<.-<6N-7 -3 /\A;7/7F06<05 >;<E-,-.;1-.
D-.6?;33- ,/2C D- >/<./553H1C D;2E - T .?-753>;?,6F0S 40>>/?/7F06<D-.S+ K3
B2E-7 7/, 53H15:2/5 >/<.:./<C 4/ - 903526<. .B<-=4;7562 </2/2E53/?WNN N/,B@
.-.656?- 9/3/.+2 &3 (l.J) /2E/7</./. t , 0<</.9/ s 53/?07. 40>>/?/7F06<9-C 5 - 1:.
/?/4,:7E. /2E/7<G9: .:9/

(1.2.) T(s )'l''(t ) Z T'(s )'P(t ). 

* ]85387/../< .-?.;3;, Zie r m an n U-?20.7-1C M at ics (+27/57/1 :5 V ir á g *<401S7-1C
-101 -3 /<5G >;2-<,-365 /2E/5 7/D/3/7 :?.D/.G ?:53/0?/C H2E/.</7 =/<8<:5,S4=6?-C D0N60?-
5.N+ >/<D.9 .61 - >02E/<,/. :5 ,S4;5L.65;1-. =-9-5;<.-1+

Y ^654 A<+ Acz é l TY_`YX+ &3 /2E/7</. ,-.?0\;5 -<-1=6. Pó ly a TY_abX ,B.-..- N/+
a c8+ Rény'Í TY_``X </9/3/.:5:9/< - ?-40;-1.L9 N;,<65 =/</75:2:. 0<</.G/7 T/3 /\A;7/7@

F06<05-7 F5811/7G >;<E-,-.X+ ":7E0 F5-1 - dT.X >H229:7E. Z e A;7.N-7 9-<S 40>>/?/7F06<@
D-.S5626.C fS<E- A/402 AB53.67 - >;<E.;7;55626. .:./</3./ >/<+
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T(t), 0<</.G</2 T(s) 7/,+ </D/. 3:?B5 9-2E 53072B<6?05C D053/7 -3 T*+*+X /2E/7</.@
NG< 189/.1/301C D;2E Y Z T(O) Z T(t)T( -t). K3:?. ;53.D-.B71 9/</C 5 L2E

(1.3.) T'(t)T-1(t) Z T-1(s)T'(s). 

U09/< s :5 t :?.:1/ ./.53G</2/5C - 4/?096<. :5 - ?/F0A?;1 53;?3-.- ,074/7 .I?/
-3;7;5C -3-3 1;75.-75+ ^/2E/7 /3 - 1;75.-75 K , -11;?
(1.4.) T'(t) Z KT(t), -,0NG< T(t) Z /\A (Kt). 

a+ felte v é s : h2E 05 ,/2>;2-<,-3D-.=B1 -3 (1.4.) /2E/7</./. :5 ,/2;<4656.C
D;2E - 96<.;365 1036?S<-2 -3 /<:?. 53L79;7-<.S<+ >H22 :5 -33-< -?67E;5+

&3 1. :5 2. >/<./9:5 /5/.H71N/7 /1909-</757/1 N03;7EB<V -3;7;5 >;<E-,-.;.
D-.6?;3 ,/2+
& 2-34-5620 >;<E-,-.;1 /\A;7/7F06<05 =/<</2:. L2E 1:. 02/7 /2E53/?W :5 <;20@

1B5 I /2E,655-< /1909-</75 I >/<./9:5NG< 9/3/..H1 </+ Q;2E / >/<./9:5/1 N6?@
,/<E01/C A;7.;5-NN-7V -3 / >/<./9:57/1 ,/2>/</<G 5-=6.;5562 ,-2B17-1 - ./?@
,/<:50 >;<E-,-.;17-1 - =/<</,3G .B<-=4;7562-C 9-2E A/402 F5-1 - ./?,/<:50
>;<E-,-.;1?S< -<1;.;.. 2;74;<-.0 1:AH71 189/./<0 ,/2 I /3 ;<E-7 1:?4:5C
-,/<E/. ,- ,:2 7/, </D/. =S< ,/296<-53;<70+3 
A 189/.1/3G1N/7 >/<./553H1C D;2E ^;2-?0.,0- ;?53626N-7 - 2-34-5620 >;<E-@

,-.;1 /\A;7/7F06<05-1C :5 D- - 5.-.053.01-0 ,:?:5/1 7:,0 /<.:?:5. ,B.-.7-1 05C
-11;? /3 1036?S<-2 - ,:?:5 /<:2./</75:2:7/1C - ,:?:50 D0N67-1 - 189/.1/3,:@
nye.! 

2. Az e x p o n e n c i á l i s fo l y a m a t o k k ö l c s ö n v i s z o n y a 

^;2-?0.,06N-7 - 2-34-5620 04G5;?;1 183.0 1-AF5;<-. ,07402 D-.967E>H22@
9:7E -<-1=6N-7 L?D-.S+
^/2E/7 B2E-705 1:. /\A;7/7F06<05 >;<E-,-.B71C -D;<

(2.1.) 

:5
x1(l) Z F< J /\A T1Y+.X

ia+a+X

&11;? 90<62;5C D;2E

(2.3.) 

-D;< b Z k1ik2 :5 a= FYFa°, -,0?G< N/D/<E/../5L.:55/< 1877E/7 ,/22EG3G4@
D/.H71+

3 c-<S53L7WC D;2E - >/<./9:5/1 N03;7E;5 F2E53/?W-L.://1/. =/</7./7/1C 5 - 9:2</2/5 >;?,-
N;7E;<B<.-NN </53+
R & 9-<S562;5 90<62 ,074/7/5/.?/ 7-2E;7 hae o ni it ^;2-?0.?706D;3C ,/?. -3. .-A-53.-<@

= YY 1C D;2E - </2.8NN 2-34-5M2-.-.+053.+01-0 04S5;? -<-1B<656. -3 0<</53./.. /\A;7/7F06<05
.+?FI74 _eI_j 5363-<:1N-7 CC,/2,-2E-?633-PC :5 -3 /2E:N D-.65;1 I </2E/7/1 /3/1 -16?
4/./?,07053.01B5 =/<</2W/1C ,07. A:<46B< - F01<B5;1C 9-2E - ./FD701-0 96<.;365C -16? 53.;@
FD-53.01B5 /?/4/.W/1 I ,07. - ,:?:50 D0N61 I </2>/<=/NN jI Ye 5363-<:1;5 7-2E562?/74@
N/7 =6.53-7-1 183?/+



]#)k(^() ^lm&"* dU*(!&' Yg_

dB4=B1C D;2E - D-.967E>H229:7E. <;2-?0.,01B5 N/;53.65M 1;;?4076.-?/74@
53/?N/ ?-=3;<9- /2E/7/5. 1-AB71C ,09/< -

(2.4.) <;2 x 1 Z <;2 a + b · <;2 x 2 
/2E/7</. <07/6?05 8553/>H22:5. 6<<-AL. ,/2 <;2 x 1 :5 <;2 x 2 183.+ &3. 05 N03;7EL.-70
>;2=B1C D;2E - ,:?.:1/2E5:2 ,/2>/</<G ,/296<-53.6569-< <;2 a :?.:1:. 3:?B5@
5-< (a :?.:1:. ./D6. -3 /2E5:22/<X ./D/.=H1 /2E/7<G9:+ ]:.C -3 04GN/7 /\A;7/7@
F06<05-7 -<-1B<S 96<.;3S <;2-?0.,B5- 183. L2E /2E53/?W ar á n y o s s á g 6<< >/77C 5
/3. -3 -?67E;5562;. - D-.967E>H229:7E b 10./9G=/C - 789/1/4:50 ?6.61 D67E-@
4;5- 53-N=- ,/2+

3. n67;55E NG m u t a t ó i 

Já n o s s y ( Y_`oX - 2-34-5620 789/1/4:5. 903526<9- 02/7 5;1 7-.B?6<05 2-3@
4-5620 ,B.-.S T./?,:53/./5 /2E5:2/1N/7 ,:?. ./?,/<:50 :5 >;2E-53.650 ,B@
.-.SXC -3-3 CC'm ,B.-.SP :?.:1:. ?-=3;<.- >/< 0<E/7 <;2-?0.,01B5 A-AL??-C a 
7/,3/.0 =89/4/</, >H229:7E:N/7C :5 6<.-<6N-7 /2E/7/5/11/< =S< 183/<L.D/.G
8553/>H22:5/1/. .-<6<.+
K2E 0<E/7 =/<</23/./5 /2E/7/5. ,B.-. N/ -3 1. á br a, -,/<E -3 /2E >G?/ =B.S

90<<-,;5/7/?20->;2E-53.65. :5 -3 /2E >G?/ =B.S 7/,3/.0 =89/4/</, -<-1B<656.
L?=- n/+
&3 /2E/7/5 0?67E.-72/75:. 53-N-.;5-7 - ?/2?/5530S536,L.65 5/2L.5:2:9/< 6<<-@

AL.D-.=B1 ,/2+ A 9053;7E<-2 53;?;5 0<</531/4:5 ,0-.. -3;7N-7 -11;? 5/, 18@
9/.D/.H71 /< 7-2E D0N6.C D- F5BA67 - 1:. 53:<5G -4-.A6?NSn 536,;<B71+ f:<@
46B<V

!B?,-+
]-7-4-

_CY 1pSq>G
jege 1p`q>`

jg rq>S
Yogj rq>G

jjgI53/?/5 /7/?20->;2E-53.65D;3 ./D6. ajI538?85 7/,3/.0 =89/4/</, .-?.;301C 5
L2E b Z <;2 jjgq<;2 aj I YC_`+ &3. ,;74D-.=B1C D;2E - 90<<-,;5/7/?20- >;@
2E-53.65- 183/< 1:.53/? ;<E-7 2E;?5-7 789/1/4/.. - 903526<. 04GN/7C ,07. -
>/=/71:7.0 7/,3/.0 =89/4/</, ./?,/<:5/+
s/<D-5376<9- -3 a;;} Z (a1lb .x)b -3;7;5562;. - Ta+o+X 8553/>H22:5. CC-?67E;5@

56226P -<-1L.=B1 - ,:?.:1/2E5:2 ,/2>/</<G ,/296<-53.6569-<+ Q- - 7/,3/.0
=89/4/<,/. 1/?/1/7 Yb +rI;5 CC/2E5:2/1N/7P >/=/33H1 10C -11;? !B?,67-1 o
CC/2E5:2PC ]-7-467-1 A/402 tY CC/2E5:2P 7/,3/.0 =89/4/<,/ 9;<.C :5 /3/1
7:2E3/./ II _ 0<</.9/ jegY I -4=- ,/2 -3 /2E >G?/ =B.S 90n<-,;5/7/?20->;@
2E-53.6Q.+ & 90<<-7Ye5/7;?20->;2E-53.65 :5 - 7/,3/.0 =89/4/</, <;2-?0.,B5-0
L2E 1;75.-75 -?67EN-7 6<<7-1 /2E,655-< - ?/2?/5530S5 /2E/7/5 ,/7.:7u -3
/2E/7/5 6.,/2E -3 TYCYX A;7.;7+

4. Pa r e t o -e l o s z l á s o k 

^;2-?L .,06+D-7 - .6?5-4-<,0 ?-72<:.?- /2E N03;7E;5 ,-2-556267 9-2E /77:<
,-2-5-NN-7 Y 536,M 53/,:<E 6<<+ Q- >8<./553H1C D;2E - A;3LF0S1NS< 9-<S 10I
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7. á br a 

/5:5 9-<S53L7W5:2/ -?67E;5 - ,6? /<:?. A;3LF0S9-<C -11;? I -3 /<5G p o n t b a n 
</9/3/./.. ;1>/=.:5 ,07.6=6?-

(4.1.) 

It t k :5 e -3 /<;53<65. ,/2D-.6?;3S A-?-,:./?/1+P
&3 /2E/5 A;3LF0S1N-7 /<:?. =89/4/</,C l n/2E/7 05,:. /\A;7/7F06<05 >H229:@

7E/ -3 s A;3LF0S7-1C 5 L2E
(4.2.) O Z c2 · /\A (/c2s). 

5 f-?/.; >/<./../C D;2E /3/1 -<-A=- - 1:A/55:2/1 /2E/7<S^<;7 /<;53<65-+ $/ /<:25:2/5 -3.
>/<./770C D;2E - ,B71-,/2;53.65 -4;.. ./FD701-0 5307.=/ N03;7E;5 D0/?-?FD06. D-.6?;3
,/2C -,/<EN/7 /2EI/2E 9/3/.G -4;.. 536,M N/;53.;.. ,B716=6. 1:A/5 6../107./70C 5 L2E
10-<-1B< - .6?5-4-<,0 A;3LF0S1 -4;.. CC?7/?/4;15:2HP 2M<6=-+


